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Abstract 

Loop quantum cosmology is considered in inflationary era. A slow 
rolling scalar held solution with power law potential is presented in the 
neighborhood of transition time, i.e. when the universe enters infla- 
tionary phase from super-inflation era. The second and the generalized 
second laws of thermodynamics and their validities and violations are 
discussed and elucidated through some examples. 



1 Introduction 

Application of loop quantum gravity (LQG) to homogenous and isotropic 
space time, reduces its symmetries and gives rise to loop quantum cosmology 
(LQC) pQ. In this theory, due to the effective quantum gravitational effects, 
the big bang singularity, predicted by general relativity, is replaced by a big 
bounce, after which a super-inflation phase occurs. Afterwards the universe 
enters a normal inflationary mode. 

By super-inflation we mean a period of super-acceleration of the universe 
during which the time derivative of the Hubble parameter, H, is positive: 
H > 0, in contrast to the standard slow roll inflation where H < 0. This 
super-acceleration can be viewed as a special feature of modified Friedmann 
equations in effective theory of loop quantum cosmology. Such a phase can 
also be occurred in general theory of gravity but for example by introducing 
exotic matter such phantom which violates the null energy condition, or by 
adding non-minimal coupling terms to the matter action. By considering 
the super-inflation, the horizon problem may be solved with only a few e- 
folds [2j. Perturbations in this period of evolution of the universe has also 
been studied in some papers [3]. 
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As in LQC, the energy density and the Hubble parameter are bounded, 
the future singularity arisen in dark energy models may also be avoided in 
this model. 

The most adopted source for the matter in inflation scenario is a scalar 
field with a suitable potential [3]. However, obtaining an exact solution 
to the modified Friedmann equations in LQC is not possible for a general 
potential. Inflation, in the context of general relativity, may be driven by 
a slow rolling scalar field whose parameters are so fine tuned to provide 
enough number of e-folding according to astrophysical data [3]. The slow 
roll solution exists also in LQC, and by using numerical methods it is shown 
the problem of fine tuning is alleviated in this model [5]. 

To investigate the relationship between thermodynamics and gravity, 
many studies about thermodynamics properties of cosmological event hori- 
zons and thermal nature of the enclosed matter have been done in recent 
years [6]. In this regard, validity of the second and generalized second laws 
(GSL) of thermodynamics, in different models of gravity has been subject of 
many studies [7]. Some of these works have been inspired by the attempts 
to know the nature of matter with negative pressure such as dark energy 
and inflaton causing the acceleration or super-acceleration of the universe 



The scheme of the paper is a follows. We consider a spatially flat ho- 
mogeneous and isotropic Friedmann-Lemaitre-Robertson- Walker (FLRW) 
space-time and will focus on inflationary era. After a brief introduction to 
loop quantum cosmology and one of its exact solutions, i.e. single fluid so- 
lution with constant equation of state parameter, we present a slow rolling 
scalar field solution with power law potential, in the era of transition from 
super-inflation to inflation phase. We show that this slow rolling solution, 
in principle exists, provided that some conditions be satisfied. Afterward we 
study the behavior of the entropy and investigate the validity of the second 
and generalized second laws of thermodynamics in this model. In our study 
the pre-bounce era is not considered. We use natural units h = c = G = 1 
throughout the paper. 

2 loop quantum cosmology, preliminaries, solutions 

We consider a spatially flat FLRW space-time 



where a{t) is the scale factor. By coupling the matter to classical phase 
space of FLRW universe, and by taking into account the constraints coming 




(i) 
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from loop quantum gravity, one obtains [9]: 

v = - — sin(A6) cos(A6) 
A7 

3 

Hmatt = j^2« sin 2 (A6). (2) 

Hmatt is the matter Hamiltonian. 7 ~ 0.2375 denotes the Barbero-Immirzi 
parameter and A is the length gap A « 2.273. v is proportional to the 
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physical volume of a cubical cell, with unit comoving volume : v = and 
b is the conjugate momentum. Dot denotes derivative with respect to the 
time " t n . The above equations can be rewritten as 



H 



sin(2A6) 
2 7 A 



sin 2 (A6) 8tt 



7 2 A 2 3 
resulting the modified Friedmann equation 

H 2 = ^1 " i). (4) 
3 p c 

H is the Hubble parameter and the matter density, p, has an upper limit 
p < p c where p c = 87r ^ A a ~ 0.409. The continuity equation for the matter 
is 

p + 3H(P + p) = 0, (5) 
which by combining with ([5]), gives the other Friedmann equation 

H = -MP + P)(l-~), (6) 

Pc 

where P is the matter pressure. Although for p <C p c we obtain the usual 
Friedmann equations, but in the Planck regime, where p ~ p c , the behavior 
of the system changes drastically. At H = 0, where p = p c , instead of 
singularity we have a bounce. If the matter comprising the system satisfies 
P + p > 0, we have p < and p decreases after the bounce. For p c < p < ^, 
H > and the universe has a super-inflationary evolution. For p < the 
universe has a normal inflationary mode. Note that if linif—^oo p = the 
super-inflation lasts forever. As we will show, there may also be a phase 
of slow roll inflation during both inflation and super-inflation phases. To 
get some intuition about these behaviors, consider a universe filled with a 
perfect fluid whose the equation of state parameter, uj defined by P = up, 
is a constant, p is obtained as 

(7) 



1 + 6vrp c (l + u) 2 t 2 ' 
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The transition time, to (denned as the time when the super-inflation ends 
and normal inflation begins), is given by 



For a massless scalar field, u = 1, and for a fast rolling scalar field uj ~ 1. 
For radiation u = | and for dust or cold dark matter oj = 0. Super-inflation 
lasts longer for smaller u (see fig. (HJ). 




Figure 1: H 2 , in terms of time for radiation (line), and cold dark matter 
(points) 

Obtaining an exact solution for , and ([6]) is not generally possible. 
Indeed, ([5]) can not be easily integrated to give an analytic expression for 
p(t) (note that only two of the equations (jU), (0), and © are independent). 
In the following we present a scalar field solution with power law potential 
which crosses H(to) = line, during its slow roll evolution. 

2.1 Slow roll scalar field solution crossing H = line 

In this part by presenting a series solution to Friedmann equations for a 
scalar field near the transition time, we show that crossing H = is, in 
principle, possible during slow roll evolution. For simplicity we take to = 0. 
The energy density of the scalar field is 

p=l^ + V {4>) (9) 

where V{(j>) is the potential and the pressure is given by 

P= l -tf-V{ct ) ). (10) 
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In the neighborhood of to = 0; the differentiable Hubble parameter can 
be presented by [10J 

H = h + h 1 t p + O(t p+1 ), (11) 



where hn 



iq = y 1lM£. th e value of the Hubble parameter at t = 0, and 
p is the order of the first non zero time derivative of H at t = 0. If a 
negative hi = h ^p- (0) and an even integer number p are found such that 
(jlip satisfies the modified Friedmann equations, then it is a solution in the 
neighborhood of the transition time. Substituting (|lip into f)12j) yields 



where 7'(0) 



+ 3if0 + F'(0) = 0, 
■ By the assumption <p <C 3-£f</>, we obtain 

3(7*0 + ht p + 0{t p+l ))4> + V'((f>) = 0, 
whose the solution for the power law potential 

v(4>) = vi<P n , 

is given by 

/„(„-2) Vl t*(-^,l 1 



i 

2-n 



3/ioP 



+ ci 



ci is determined by 



Cl = <p 2 - n (t = 0), 

and is the Lerchphi function 



$(x,a,&,) = S^ =0 



(6 + n) a 



For quadratic potential, 



7(0) = -mV, 



we obtain 



= 0(0) exp 



3/ioP 



(12) 

(13) 
(14) 

(15) 
(16) 

(17) 

(18) 

(19) 



The slowly varying condition (j) <C 3H(j), used to obtain the above solution, 
is satisfied when 



n(n - l)vi 2 



9h 2 



(0) 



<1, 



(20) 



which for quadratic potential gives m 2 <C /iq, leading to m <C p c . Combin- 
ing ([20]) with 

vi<P n (0) * §, (21) 
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yields 



n(n — 1) 
12vr 



« </> 2 (0). 



(22) 



So the value of the scalar field at transition time must be large in this 
approximation. For n ~ O(l), (I22p can be rewritten in terms of V\ and p c 



a.s 



< 1. 



By inserting (|15p into the Friedmann equation 

V 



-4vr0 z 1 



we arrive at 



H 



8vr / n 2 ^ 2 ^" 1 ^)^ /n 3 (n - l)wf(/. 3n " 4 (0) 



z 3 
"o 



9h 2 



27 Pc y 

+0{t 2 ) 

So (jlip satisfies Friedmann equation provided that 



(23) 



+ nW("- 1 )(0))t 



(24) 



4vr / ^^(^("-^(O)^ /n 3 (n - l)v 3 (/> 3n - 4 (0) 



27p c 



h 3 
"o 



9^ 



+ n\ 2 2 ("- 1 )(O) 



p = 2. 

Applying the slow roll condition ([2U]) to ([25]) . we get 

4vr ^^("-^(O) 



(25) 
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(26) 



So this solution describes a transition from super-inflation to inflation at 
t = 0, provided that 

^(»-!)(0) > 0, (27) 

which is obviously satisfied when n is an integer. The Hubble parameter 
and the energy density are then given by 



P 



2_n*T^(™-i)(0) 
7tt 

p c n 2 v\<j) 2( > n - l \0) 



t 2 + 0(t 3 



-t + o(r 



(28) 



where (f)(0) is determined by (|2ip . Therefore we conclude that crossing 
the super-inflation-inflation divide line is, in principle, possible during a 
slow rolling evolution of a scalar field with power law potential, and the 
approximate solution to Friedmann equations, in this region, is given by 
([281). 
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3 Second and generalized second laws 



In this part we try to test validity of the generalized second law (GSL) 
of thermodynamics in a volume enclosed by the apparent horizon in loop 
quantum cosmology in an expanding FLRW universe. We will elucidate our 
results with some examples and also the solutions discussed in the previous 
section. 

The entropy of the horizon Rh in loop quantum gravity is given by 

S h = iiRl + ira H-rrRl) + p, (29) 

where a ~ 0(1) and (3 are real constants arisen from quantum corrections. 

A natural choice for the cosmological horizon is the apparent horizon 
R h = i . Note that R h does not exists for H = 0, but R h (H ^ 0) G R. By 
adopting this choice we obtain 

S h = -2vr(l + a H 2 )j^. (30) 

Near H = 0, Sh is very large and Sh ~ —2ttj^. So after the bounce, 
Sh decreases very fast, reducing Sh to smaller finite values. In the super 
accelerated expansion era, H increases from H = at the bounce to H = 

^£^- at the transition time, hence Sh increases only for — < a < 0, 

and when (1 + aH 2 ) < 0. After the transition, we have H < 0, and Sh > 
is valid for (1 + aH 2 ) > 0. 

To study the GSL, we must also consider the contribution of matter, 
which satisfies weak energy condition p > 0, P + p > 0, to entropy. We use 
the first law of thermodynamics 

dE = TdSi n - PdV, (31) 

to obtain 

(P + p)dV + Vdp = TdS in . (32) 

T > is the temperature and Si n is the entropy of the matter inside the 
horizon. ([33]) and ([5]) result in 

S™ = -^ { -^^{l + §i). (33) 

During inflation and accelerated expansion, 1 + > 0, therefore Si n < 0. 
After the inflation Si n decreases. 

By adding (f33|) to ([30]) . we find that GSL is valid whenever 

= -2vr(l + aH 2 )±L _ 4vr^(l + JL) > 0. (34) 
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Provided that the weak energy condition is valid, immediately after the 
bounce Stat quickly decreases. Afterward, the energy density decreases and 
the system approaches to the transition time. In the accelerated expansion 
era (H + H 2 > 0), validity of GSL requires 

H(l + aH 2 ) < 0, forH > 0, (35) 

and 

H(l + aH 2 ) < 0, forH < 0. (36) 



By comparing (j35[) and (|36p , and assuming that H is continuous at transition 
time, the value of a is fixed as 

a = - TT }. . = —ps -1.16. (37) 

But this is not the whole history: In the super accelerated expansion epoch, 
H increases until it reaches its maximum value H = \l 2 ^- at transition 
time. But this result is in contradiction with (|35|l which implies H(t < to) > 

So we conclude that, besides a time interval after the bounce, GSL 
cannot hold in whole of a connected region comprising "a part of super- 
inflation" , transition, and ordinary inflation eras. Now let us have a closer 
look to the behavior of the system in the neighborhood of transition time 
to, when Stot reduces to 

S tot (t = t ) = -47r^-. (38) 

The only way to save GSL in this region for ordinary matter (i.e. matter 
satisfying weak energy condition), is to have f (to) + /'(to) = 0- F° r the 
scalar field model, P + p = (ft 2 > 0. Based on the solutions derived in the 
previous section, the slow rolling scalar field with power law potential (j!4[) 
has the following behavior in neighborhood of H = : 

2 (t) = — a — 1 ^ 1 , K ^(t-t ) + O((t-t ) 2 ). (39) 



But in the slow roll approximation, V{4>) ~ ^, then 0(to) 7^ 0, and we have 
Stot(to) < 0. Therefore at to and at least in the neighborhood of to GSL is 
violated. 

At the end of inflation, t en d, H + H 2 = 0, and 

Stot(tend) = 1 j(l + aH 2 ). (40) 

Hence GSL violation is ceased at this time provided that 1 + aH 2 > which 
is always true for a > (a positive value for a was proposed by [12]). 
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To be more quantitative and to get more insights about the GSL let 
us examine (|34|) using some of the solutions of Friedmann equations. To 
do this, we have to specify the matter temperature. This temperature is 
assumed to be equal to the horizon temperature which can be expressed in 



terms of surface gravity [13] , 



H 1 + 



H 



as 



2vr 



1 + 



H 
2IP 



(41) 



So GSL states 



Stot = Zn-r^r 



-{l + aH 2 ) + 




> 0. 



(42) 



Hence GSL holds whenever the above inequality is satisfied. 

For a barotropic fluid with constant w > 0, and by considering p < p c , 
one can show that (14"2"D reduces to 



(1 - 2s) 



T — a c x(l — x) + 



1 - 2x 



-3r(l - 2x) + 2(1 - x) 



4(1 



3r(l - 2s) 



< o 

(43) 

where r = u> + 1, and x := a c := ^-a/9 c are dimensionless parameters. 
According to our previous claim, when x — >• 1, the GSL is obviously vio- 
lated. The same occurs when x = 1/2, independently of the values of the 
parameters a and T > 1. for x — > and aH 2 1, (|42p reduces to ttj^ > 
which is true. This is the domain of classical theory of gravity far from the 

In this 



3r~2 
6r-2 - 



Planck era. In this era GSL holds. The inflation ends at x 
region a > is a sufficient condition for validity of GSL. 

In figure ([2]), Stot is depicted for a barotropic fluid whose equation of 
state parameter is u ~ 1 (e.g. a massless scalar field or a fast rolling scalar 
field). GSL holds only for t > 0.22 where the inflation nearly ends. The 
transition time is to = 0.18 (to get more intuition, note these numbers are 

in terms of the fundamental time unit, J^) 

In the above example we assumed that the equation of state parameter 
is a constant. To get a more complete feel for the behavior of entropy for 
nonconstant w, we use numerical method, to depict S, when the inflaton 
is a scalar field with quadratic potential. We assume that at the bounce 
the kinetic energy is extremely dominated such that ~ 0. This can be 

achieved by suitably choosing the initial values of <p an d <j) at the bounce. 
We take 4> B = 1.1, (j) B = 0.905, m = 6 x IQ- 7 M PI and a = -1.16. For 
t < t ~ 0.2138 GSL fails (see figure ©). 
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Figure 2: Stat m terms of time for a single fluid with u = 1 and a = 



-1.16 




Figure 3: S in terms of time for a scalar field model with quadratic potential 
and extreme domination of kinetic energy at the bounce 

4 Conclusion 

We considered loop quantum cosmology, i.e. where the effective quantum 
corrections coming from loop quantum gravity cannot be neglected. We pre- 
sented a slow rolling scalar field solution with power law potential in terms of 
Lerchphi function and showed that a slow rolling scalar field with power law 
potential can describe the transition from super-inflationary to inflationary 
phase, provided that the condition (|27p be satisfied. The thermodynamics 
second law and generalized second law (GSL) for the apparent horizon were 
discussed. If the matter respects the null energy condition, immediately af- 
ter the bounce the (total) entropy decreases very fast from its huge values, 
but this decrease does not continue for a long time and after awhile begins 
to increase. It was shown that the GSL cannot be hold in the whole of a 
connected region comprising "a part of super- inflation" -transition-inflation 
epochs. Specially it was shown that for a scalar field this law is violated at 
transition time. As illustrations, we discussed the behavior of the entropy 
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for an exactly solvable model (fast roll scalar field) where GSL is violated 
even after the transition time and holds (nearly) after the inflation ends. 
Afterwards using numerical method we depicted time derivative of the total 
entropy for scalar field model whose kinetic energy is extremely dominated 
at the bounce, and the violation of GSL in a finite time interval after the 
bounce was demonstrated. 

So it seems that GSL does not hold near the bounce where the apparent 
horizon is very large, and at least, depending on the parameters of the model, 
this violation may continue until the end of inflation, as was illustrated 
through some examples. This violation is related to effective quantum effects 
and GSL continues to be true far from the Planck era. This may be related 
to the fact that in our computation we have ignored the contribution of the 
radiation energy density, generated by particle creation from the horizon 
|14j . Another possibility to alleviate this problem, may be, adoption another 
horizon such as the future event horizon |15| . Similar violation of GSL was 
also reported in a super-accelerated epoch in a phantom dominated universe 
or in modified theories of gravity in the literature |16j . 
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